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Probability

Conditional Probability

Conditional Probability in a Uniform Sample Space

Questions

1)

2)

3)

4)

5)

6)

7)

8)

An even number is chosen randomly.
What are the chances that the number is larger than 6?

Joe throws a die.
What are the chances that the result was 4 if it is known that the result was even?

A pair of dice is thrown.
A —The sum of the results of the two throws is 7.
B — The product of the results of the two throws is 12.

Calculate: P(A|B).

A coin is tossed twice.
It is known that there was one Head at most.
What are the chances that there were two heads?

A person throws a pair of dice and gets the same result on both dice.
What are the chances that at least one of the results was a 5?

A person throws a pair of dice and gets at least one 4.
What are the chances that one of the results was a 5?

A family with two children is selected. It is known that one of the children is a boy.
What are the chances that both children are boys?

A family has three children.
Given that the middle child is a boy, what are the chances that there are girls in the family?

‘ For more information and all the solutions, please go to www.proprep.uk.
v~
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The following Questions include combinatorics:

9) Four children are selected from a class containing six boys and seven girls.
If it is known that two boys and two girls were selected, what are the chances that Mike
was not selected?

10) Five friends went to the movies and sat next to each other randomly in seats no. 5-9.
If it is known that Joe and Mike sat next to each other, what is the probability that they
are sitting in seats no. 6 and 7?

Answer Key
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Conditional Probability in a Non-Uniform Space

Questions

1) A student takes two exams in a semester: an economics exam and a statistics exam.
We define the following events:
A — passing the statistics exam.
B — passing the economics exam.
The chances of passing the economics exam are 0.8, and the chances of passing the
statistics exam are 0.9. The chances of passing both exams are 0.75.
Calculate the chances of the following events:

a.

The student passed the statistics exam.

What is the probability that he passed the economics exam?
The student passed the economics exam.

What is the probability that he passes the statistics exam?
The student passed the economics exam.

What is the probability that he failed the statistics exam?

. The student failed the statistics exam.

What is the probability that he failed the economics exam?
The student passed at least one exam.
What is the probability that he passed both exams?

2) There are two cellular telephone companies in a country: Soft and Bell.
30% of the adults in the country are registered with Bell, and 60% of them are
registered with Soft. 15% of the adults in the country have no cellular telephone.

a.
b.

What is proportion of the adults that are registered with both companies?

A person is selected who is registered with Soft, What is the probability that he is
also registered with Bell?

If a person is not registered with Bell, what is the probability that he is registered
with Soft?

If a person is registered with only one company, what is the probability that he is
registered with Soft?

s

For more information and all the solutions, please go to www.proprep.uk.
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3) There are two parking lots at a college: a small parking lot and a large one.
At 8 AM , thereis a 60% chance that there is an available parking place in the large
parking lot, a 30% chance that there is an available parking place in the small parking
lot, and a 20% chance that there is an available parking space in both parking lots.

a. What is the probability that there is a parking place available at 8 AM only in the
college’s large parking lot?

b. Itis known that there is a parking place available in the small parking lot at 8 AM..
What is the probability that there will be a parking space available in the large
parking lot?

c. If thereis no parking place available in the large parking lot at 8 AM, what is the
probability that there will be a parking place available in the small parking lot?

d. Given that at least one of the parking lots has an available parking place at 8 AM,
what is the probability that there will be a parking place available in the large
parking lot?

4) A group of people is comprised of 200 company employees and 100 self-employed
people. 20 of the company employees and 30 of the self-employed people are university
graduates.

a. Build a joint frequency table for the data.
b. A person is selected randomly, What is the probability that he is a company
employee?
c. What is the probability that a company employee is not a university graduate?
d. What is the probability that a person is either a company employee
or a university graduate?
e. If aself-employed person is selected, what is the probability
that he is a university graduate?
f. If the person selected is not a university graduate, what is the probability
that he is a company employee?

5) A company published the following data about people over the age of 21:
40% of the people hold a Visa card, 52% hold a Diners card, 20% hold an American
Express credit card, 15% hold both a Visa and a Diners card, 8% hold both a Diners and
an American Express card, and 7% hold both a Visa and an American Express card.
5% hold all three of these credit cards.
a. If a person has a Visa card, what are the chances that he doesn't have a Diners card?
b. If a person has two credit cards, what are the chances that he doesn't have a
Diners card?
c. If a person has at least one credit card, what are the chances that he doesn't have
a Diners card?

‘ For more information and all the solutions, please go to www.proprep.uk.
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Answer Key
1) a.0.833 b. 0.9375 c. 0.0625 d.0.5 e. 0.789
2) a.5% b. 0.0833 c.0.78 d. 0.6875
3) a.04 b. % c.0.25 d. g
4) a.
Graduates | Not Graduates Total
Company Employees 20 180 200
Self Employed 30 70 100
Total 50 250 300
b. 0.667 c.0.6 d. E e.0.3 f.0.72
30
5) a.0.625 b.0.133 c. 0.402

For more information and all the solutions, please go to www.proprep.uk.
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Tree Diagrams, the Bayes Formula
and the Complete Probability Formula

Questions

1) There are four strawberry candies and three lemon candies in a bag of candies.
A candy is removed randomly from the bag.
If it is a strawberry candy, it is eaten, and another candy is removed.
If it is a lemon candy, however, it is returned to the bag, and another candy is removed.

Lemon
Step1 37 Strawberry
47

Step 2 lemon \_‘_Strawberry lemon / .“-§tmwberrv
31/ . 47 3f6 / \ 36

a. What is the probability that the first candy removed is a strawberry candy and the
second one removed is a lemon candy?
b. What is the probability that the second candy is a lemon candy?

2) A certain population is composed of 30% children, 50% adults, and the rest are senior
citizens. According to the Ministry of Health figures, the chances that a child will get the
flu in winter are 80%, the chances that an adult will get the flu are 40%, and the
chances that a senior citizen will get the flu are 70% .

Step 1 Senior Adult Child
0.2 0.5 0.3

Step 2

Not Flu Flu NotFlu Flu NotFlu Flu
0.3 0.7 0.6 0.4 0.2 0.8

a. What proportion of the population consists of senior citizens who do not get the
flu during winter?

b. What proportion of the people gets flu during the winter?

c. A person is selected who gets flu during the winter.
What is the probability that he is a senior citizen?

d. Achildis selected. What is the probability that he will not get flu during the winter?

‘ For more information and all the solutions, please go to www.proprep.uk.
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3) There are five blue balls and five red balls in container A, and six blue balls and four red
balls in container B. A container is randomly selected, a ball is taken out, and another
ball is removed without returning the first one.

a. What is the probability that the two balls removed will be of different colors?

Container B -
Step 1 05 " Container A
Step 2 Red /. Blue Red /. Blue

a/10 “6/10 5/10 / \ 5/10

Step3  Red Blue Red Blue Red Blue  Red  Blue
3/9 6/9 afe 5/9 4/9 5/9 5/9 af9

b. If the balls removed are of different colors, what is the probability that the second

ball is red?
Step 1 Cont::er 8 Container A
0.5
Step 2 Red Blue Red Blue
af10 6/10 5/10 5/10
Step3  Red Blue  Red Blue Red Blue Red  Blue
3/9 6/9  4/9 5/9 af9 s/s  s5/9 a9
’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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4) A cellular company classifies its customers according to three age groups: young people,
adults, and retired people. It is given that 10% of the customers are young people, 70%
are adults, and the rest are retired people. 90% of the young people, 70% of the adult

population, and 30% of the retirees have smart phones.
a. What proportion of the company’s customers are young people with smart

phones?

Step 1 Retired Adult Young
0.2 0.7 0.1
Step 2
No Yes No Yes No Yes
0.7 0.3 0.3 0.7 0.1 0.9

b. A customeris randomly selected, and it is given that he has a smart phone.
What is the probability that he is a retired person?

Step 1 Retired Adult Young
0.2 0.7 0.1
Step 2
No Yes No Yes No Yes
0.7 0.3 0.3 0.7 0.1 0.9

c. If a customer does not have a smart phone, what is the probability that he is not

young?

Step 1 Retired Adult Young
0.2 0.7 0.1
Step 2
No Yes Mo Yes Mo Yes
0.7 0.3 0.3 0.7 0.1 0.9

= proprep
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5) Three exams must be passed in order to get a job. The exams are in stages, meaning that
if you fail an exam, you do not take the next exam. 70% of the candidates pass the first
exam. 50% of those who pass the first exam also pass the second exam.
40% of those who pass the second exam also pass the third exam.

a. What is the probability of getting the job?

Exam1 ;
Fail Pass
0.3 0.7
Exam2 Fail Pass
0.5 0.5
Exam 3 Fail Pass
0.6 0.4

b. A candidate did not get a job.
What is the probability that he failed on the first exam?

Exam 1 i A~
Fail AN Pass
7 ™,
03 ~, 0.7
7 ™,
/7 N
e ™,
i Y
AN
Exam 2 Fail ~_ Pass
0.5 ~0.5
/7 ™,
S/ ™,
V4 N
- P
Exam 3 Fail - . Pass
0.6, 0.4

c. A candidate did not get a job.
What is the probability that he passed the second exam?

Exam 1 . N
Fail / Pass
03 0.7
Exam 2 Fail 7 . Pass
0.5~ 0.5
_L/ ™
Exam 3 Fail .~ . Pass

’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com
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6) The Ministry of Health published the following figures:
80% of children and 60% of adults get the flu during winter.
30% of the population are children, 50% are adults and the rest are senior citizens.
It is given that 68% of the population will get the flu during the winter.
a. What proportion of those who get the flu are senior citizens?

Step 1 Senior Adult Child
0.2 0.5 0.3

Step 2

Not Flu Flu Not Flu Flu NotFlu Flu
0.4 0.6 0.2 0.8

b. A person without flu is selected.
What is the probability that he is not a senior citizen?

Step 1 Senior Adult Child
0.2 0.5 0.3

Step 2

Mot Flu Flu  Not Flu Flu  NotFlu  Flu
0.4 0.6 0.2 0.8

7) Aradar station on the beach must detect a ship located in one of four regions: A,B,C,D

If the ship is in region A, the chances that the radar will detect it are 0.8.
This chance drops by 0.1 every time the ship advances to a new region.
It is given that the ship has a 0.5 chance of being in region D, a 0.3 chance of being in
regionC , a 0.2 chance of being in region B , and is otherwise in region A .
a. What are the chances that the radar will detect the ship?
b. If the radar detects the ship, what is the probability that it is in region C?
c. If the radar detects the ship, what are the chances that it is not in region B?

‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 12
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8) 0.4 of those with disease A, 0.6 of those with disease B, and 0.5 of those with disease
C develop symptom X .Symptom X appears only with these diseases.
A person cannot have more than one of these diseases. People come to the clinic as
follows: 8% have disease A, 10% disease B, 2% disease C, and the rest are healthy.
The chances that symptom X will be detected is 80% in a person with disease A and
90% among people with diseases B and C.

a. What is the probability of symptom X being detected in a person coming to the clinic?

b. If symptom X is detected in a person, what is the probability that he has disease A ?
c. If aperson has symptom X , what is the probability that he has disease A?
d. If symptom X is not detected in a person, what is the probability that he is healthy?

9) A student takes a multiple-choice exam. The chances that he knows the answer to a
given question are p .If he does not know the answer, he guesses, so he answers the
guestion in any case. It is given that each question has k possible answers.

If the student answers the question correctly, what is the probability that he knew the
answer?

10) A person is playing against two competitors, Sara and Mike. The person must play three
games, and can select what order of games he prefers:
a. Mike, Sara, Mike.
b. Sara, Mike, Sara.
Someone has to win each game (there are no draws).
A person wins the tournament only if he wins two games in a row.
It is given that Mike is a better player than Sara.
What is the best way for a person to win the tournament?

‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 13
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Answer Key
1) a. % b. Z—S
2) a. 6% b. 58% c.0.241 d.0.2
3) a.0.544 b.0.5
4) a.9% b.0.09375 c.0.9722
5) a.0.14 b. 0.3488 c.0.2442
6) a.0.7 b. 0.8125
7) a.0.57 b.0.3158 c.0.7543
8) a.0.0886 b. 0.2889 c.0.3137 d.0.8778
) i

10) a. pt(2—p)> pt(2—t) - Possibility A is preferable.

‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 14
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Dependent and Independent Events

Questions

1)

2)

3)

4)

5)

6)

7)

Assume: P(A)=0.2, P(B)=0.5, P(AnB)=0.6.
Are events A and B independent of each other?

A student takes two exams where his success in one exam is independent of his success

in the other. His chances of success are 0.7 in the first exam and 0.4 in the second exam.

a. What are the student’s chances of succeeding in both exams?
b. What are the student’s chances of failing in both exams?

The unemployment rate in a certain country is 8%.
Two people in the country are randomly chosen.
a. What is the probability that both people chosen are unemployed?
b. What is the probability that at least one of the people chosen is unemployed?

A product must pass four independent tests before it is marketed, otherwise it is
rejected for marketing.

The product’s chances of success on each test are 0.8. All four tests must be performed.

a. What are the chances that the product will be rejected?
b. What is the probability that the product will successfully pass at least one test?

The unemployment rate in a certain country is 8%.
Five people in the country are randomly chosen.
a. What is the probability that everyone in the sample is unemployed?
b. What is the probability that at least one person in the sample is unemployed?

Two events, A and B, are defined on a sample space.
Assume that P(AUB)=0.9, P(Amg):O.B, and P(A|B)=O.6.

Are A and B independent events?

Prove that if P(Al B)=P(B|A), then P(A)z P(B).

‘ For more information and all the solutions, please go to www.proprep.uk.
v~
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8) Determine which of the following assertions are correct:
a. If P(AUB)=P(A)-P(B), then the events are independent.
b. Event A is asubset of event B.
P(A) >0 and 0< P(B) <1, therefore P(A| B) < P(A).
c. A and B are mutually exclusive events with positive chances of occurring;
A and B are therefore dependent events.
d. A and B are dependent events with positive chances of occurring;
A and B are therefore mutually exclusive events.
e. P(AnB)=1-P(A)—-P(B), therefore A and B are mutually exclusive events.
Answer Key
1) VYes.
2) a.0.28 b.0.18
3) a.0.0064 b.0.1536
4) a.0.5904 b.0.9984
5) a. 0.08° b. 0.3409
6) A and B are dependent.
P(ANB P(ANB
7) Given: P(AlB):—( ) , P( |A):—( NB)
P(B) P(A)
P(AnB) P(AnB
If: P(A|B)=P(B|A), then: ( )= ( ),
P(B) P(A)
which can turn to: P(A)-P(ANB)=P(B)-P(ANB),
by multiplying the denominators from both sides of the equation.
Reducing P( AN B)from both sides, and we get P(A)=P(B).
8) a.lIncorrect b. Incorrect c. Correct d. Incorrect e. Correct
‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 16
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Summary Questions

Questions

1) A sample space consists of families with two cars. In 30% of these families, the older car
is manufactured in Europe, and in 60% of these families, the newer car is manufactured
in Europe. In 15% of these families, both cars are manufactured in Europe.

a. What is the probability that a family chosen at random from the sample space will
not have any car manufactured in Europe?

b. What is the probability that at least a car will be manufactured in Europe?

c. Given that a family has a car that was manufactured in Europe, what is the
probability that it would be the newer one?

d. If a family’s older car is manufactured in Europe, what is the probability that their
newer car is also manufactured in Europe?

2) In Never-Never-Land, 50% of the milk in supermarkets is produced at company A,
40% at company B, and the rest at company C.
3% of the milk produced at company A and 10% of the milk produced at company B
is sour when it reaches the supermarkets.
It is also known that 7.5% of all the milk at Never-Never-Land supermarkets is sour.
a. What proportion of the milk from company C is sour?
b. If sour milk is purchased from a supermarket, what are the chances that it was
produced at company C?
c. Milk was purchased and was not sour.
What are the chances that it was produced at company A ?
d. Are the events “sour milk” and “produced at company A” independent events?

3) John and Betty want to spend an evening out at the mall. The probability that they will
go bowling is 0.3. The probability that they will go to a café is 0.5. The probability that
they will do at least one of these things, bowling or visiting a café, is 0.7

a. What is the probability that they will only go bowling?

b. Are the events “go bowling” and “go to a café” mutually exclusive?

c. Arethe events “go bowling” and “go to a café” dependent events?

d. What is the probability that on one day they will only go bowling, and on the next
day they will not go bowling nor go to the cafe?

‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 17
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4) 70% of all people taking a statistics exam pass on the first try. All those who fail will
repeat the exam, and of those, 80% will pass it. 50% of those who fail both the first and
second exams, will register for the course again. All the rest will drop out.

a. What are the chances that a randomly selected student passed the course?

b. If arandomly selected student passed the course, what are the chances that he
passed the repeat exam on his second try?

c. What proportion of the students quit?

d. Two students, Sam and Cathy, are randomly selected. What is the probability that
Sam passed the exam on the first try and Cathy passed on the second try?

5) 40% of a given population is comprised of men and 60% of women.
10% of the men are unemployed, and 13% of the total population is unemployed.

a. What is the unemployment rate for women?

b. What is the probability that a randomly selected unemployed person is a woman?

c. We define the following events:
A — A randomly selected person is unemployed.
B - A randomly selected person is male.
Are these events mutually exclusive? Are they independent events?

6) There are 10 coins in a box. Seven of them are ordinary coins with heads and tails, and

three have heads on both faces. A person randomly selects a coin and tosses it twice.
Let A be the event that the first toss is heads and let B be the event that the second
toss is heads.

a. Calculate the chances of events A and B.

b. Are A and B independent events?

c. If the first toss is heads, what is the probability that the coin tossed has both

heads and tails?

‘ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 18
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7) Jack wants to sell his car.
He places ads on the Internet and in a newspaper.
30% of the people interested in buying a used car see the Internet ad, 50% see it in the
newspaper, and 72% see it in at least one medium.
a. What proportion of the people interested in buying a used car see both ads?
b. If a person sees the Internet ad, what is the probability that he does not see the
newspaper ad?
c. Are “seeing the Internet ad” and “seeing the newspaper ad” independent events?
d. The probability that a person seeing only the Internet ad calls Jack is 0.7. The
probability that a person seeing only the newspaper ad calls Jack is 0.6. The
probability of a person seeing both the Internet and the ads calling Jack is 0.9

i. What is the probability of a person interested in buying a used car calling
Jack?

ii. A person interested in buying a used car calls Jack.
What is the probability that he saw both advertisements?

8) Consider the following electrical system.
Each unit works independently with probability p .

In order for the system to work, current must flow from Point A to Point B.

Prove that the probability of the system working is: p+(1— p)(2p— p2)2 :

s
o

‘ For more information and all the solutions, please go to www.proprep.uk.
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Answer Key
1) a.0.25 b.0.75 c.0.6 d.0.5
2) a.0.2 b.0.267 c. 0.524

d. The events are dependent

3) a.0.2 b. The events are not mutually exclusive

c. The events are dependent. d. 0.06
4) a.0.94 b.0.255 c.0.03 d.0.168
5) a.0.15 b.0.692

c. The events are dependent and not mutually exclusive

6) a. P(A)=P(B)=0.65 b. A and B are dependent c.0.538
7) a.0.08 b.0.733 c. A and B are dependent
d. (i).0.478;  (ii). 0.15

~D)

8) P(working)=1-P(notworking) =

=1-P(C)-P(D)=1-P(C

-P(C

)
P(C)=P(C,nC,)=P(C,)-P(C,), P(C)=1-P(C)=1-P(C,)-P(C,),

)=

1-[1--p)]

P (working) =1{1-| 1-(1- P)ZT}(l— P)=1-{1-[1-(1-2P+P?) }{1-P)

P(C,)=1-P(C,)=1-(1-P)" = P(C

—1-{1-[2P—P* [}(1-P)=1-{1-(1-P)-(1-P)[2P-P*]}

=P+(1-P)(2P-P?)

‘ For more information and all the solutions, please go to www.proprep.uk.

proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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